Abstract. In mesoscopic and nanoscale systems at low temperatures, charge carriers are typically not in thermal equilibrium with the surrounding lattice. The resulting, non-equilibrium dynamics of electrons has only begun to be explored. Experimentally the time-dependence of the electron temperature (deviating from the lattice temperature) has been investigated in small metallic islands. Motivated by these experiments we investigate theoretically the electronic energy and temperature fluctuations in a metallic island in the Coulomb blockade regime, tunnel coupled to an electronic reservoir, i.e. a single electron box. We show that electronic quantum tunnelling between the island and the reservoir, in the absence of any net charge or energy transport, induces fluctuations of the island electron temperature. The full distribution of the energy transfer as well as the island temperature is derived within the framework of full counting statistics. In particular, the low-frequency temperature fluctuations are analysed, fully accounting for charging effects and non-zero reservoir temperature. The experimental requirements for measuring the predicted temperature fluctuations are discussed.
Introduction
A macroscopically large system, thermally coupled to a heat reservoir, is in thermal equilibrium with the reservoir when the system temperature is equal to the one of the reservoir. Microscopic fluctuations of heat between the system and the reservoir will not modify the thermal equilibrium. In smaller, meso or microscopic systems this is not necessarily true [1] ; individual events of energy transfer between the reservoir and the system can induce fluctuations in time of the system temperature [2] . Consequently, microscopic heat fluctuations (no external force applied) can drive the small system away from thermal equilibrium with the reservoir. The great interest in nanoscale systems during the last decades has motivated extensive efforts [3, 4, 5, 6, 7, 8] to reformulate or invent novel concepts in order to properly describe the thermodynamics of small systems. Here, as an important example, the concept of temperature fluctuations has led to considerable debate [9, 10] .
In mesoscopic or nanoscale solid state systems coupled to electronic reservoirs and kept at low temperatures, quantum tunnelling of electrons between the system and the reservoirs is an important source of individual, random events of energy transfer [11, 12, 13, 14, 15] . A particularly interesting situation occurs when the electrons in the system interact much stronger with each other than with the lattice phonons, often the case in both metals [5] and semiconductors [16] . The electron-electron interactions lead to a rapid thermalization of the electron gas, on a time scale τ e−e . As a consequence, the electrons are in local thermal equilibrium, characterized by a Fermi distribution with temperature T e . However, the weak electron-phonon interaction leads to that the electron gas is thermalized with the lattice phonons on a much slower time scale τ e−ph . If the energy exchange between the system and the reservoir, due to tunnelling, occurs on an intermediate time scale τ E , i.e. τ e−e τ E τ e−ph (1) the system electron temperature will develop fluctuations, T e = T e (t), with the dynamics driven only by quantum tunnelling. Electronic temperature fluctuations in mesoscopic systems are typically challenging to measure. However, in a number of experiments, focusing on temperature based photon detection, [17, 18, 19, 20, 21] the electron temperature T e (t) of a small metallic island was monitored in real time following a pulsed excitation. In the very recent experiments in Refs. [20, 21] , temperature fluctuations of the order of 10 mK away from the lattice temperature ∼ 100 mK could be detected, approaching the limit of single microwave photon detection. Moreover, the observed relaxation time τ e−ph of T e (t) towards the lattice temperature was of the order of 100 µs, several orders of magnitude longer than the typical τ e−e , of the order of 1 ns or below [22] . This large separation of time scales puts in prospect experiments with real time monitoring of T e (t), driven by electron tunnelling occurring on an intermediate time scale τ E , fulfilling the inequality in Eq. (1) .
In this work we present a theoretical investigation of the tunnelling-induced electronic heat transfer and temperature fluctuation statistics in a conceptually simple system. Motivated by the experiments [17, 18, 19, 20, 21] we consider a metallic island in the Coulomb blockade regime, tunnel coupled to a reservoir, i.e. a single electron box [23] , see Fig. 1 . We point out that several theoretical investigations of temperature fluctuation distributions have been performed in related systems, e.g. in open, noninteracting islands [24] , overheated single electron transistors [25] , time driven systems [26] , superconducting heterostructures [27] , and an island with injection of electronic wave packets [28] . In our work we focus on the case with no external force applied to the system, such as a static or time-varying voltage or thermal bias. In fact, due to Coulomb blockade, only zero or one excess electrons are allowed on the island and hence, there can be no net charge transfer between the system and the reservoir. These simplifying assumptions allow us to provide a detailed, analytical description of the statistical properties of the heat transfer and temperature fluctuations.
To provide a physically compelling picture, we first investigate the statistics of energy transfer in thermodynamic equilibrium, when the system electron temperature T e is constant and equal to the reservoir temperature T L . We show how the fluctuations of transferred energy depend both on the fluctuations in number of tunnelling events during the measurements as well as on the fluctuations in energy transferred in each tunnelling event. Based on the understanding of the energy fluctuations in thermal equilibrium, we analyse the fluctuations of the system temperature away from equilibrium (T e = T L ), induced by the fluctuations of the energy transfer. Employing a Boltzmann-Langevin approach [29, 30] for the fluctuation correlations as well as a semiclassical stochastic path integral technique [31, 32] for the full distribution of fluctuations, where the quantum tunnelling of electrons act as the generator of fluctuations, we analyse the statical properties of the temperature fluctuations ∆T e (t) = T e (t) − T e (t) .
For the magnitude of the fluctuation correlations, of direct experimental relevance, the result is of the canonical form for fluctuations around thermodynamical equilibrium [1] 
where the correlation time τ C = C e /κ with C e the heat capacity of the island and κ the thermal conductance of the island-reservoir contact, both taken at the reservoir temperature T L . We note that the instantaneous fluctuations are given by [1] ∆T 2 e (t) = k B T 2 L /C e , independent of both the island-reservoir contact properties as well as charging effects. In contrast, the low-frequency correlator dt ∆T e (t)∆T e (t + t ) = 2k B T 2 L /κ, in accordance with the fluctuation-dissipation theorem for heat transport [33, 30] , depend on both contact properties and charging effects via κ.
Higher-order temperature correlators as well as the full counting statistics, clearly demonstrating the non-Gaussian nature of the fluctuations, are investigated with the focus on the low-frequency regime. As a general result we find that the temperature fluctuations increase for increasing charging effects, a consequence of both a wider range of energies of tunnelling electrons participating in the heat transfer and larger fluctuations in the number of tunnel events during the measurement.
The rest of the paper is organized as follows. In Sec. 2 the system and model are presented. Then, in Sec. 3 the probability distribution of the energy fluctuations are derived. In Sec. 4 the energy transfer statistics for equal temperature of the system and the reservoir is analysed. Thereafter, in Sec. 5, the distribution of the temperature fluctuations is derived and analysed in detail. Finally, in Sec. 6 we conclude and discuss prospects for an experimental realization of our proposal.
System and model
We consider the system shown in Fig. 1 . A metallic island, or dot, is coupled via a tunnel barrier, with resistance R and capacitance C L , to an electrically grounded reservoir. The dot is further coupled capacitively, with strength C g , to an electrostatic gate, kept at a potential V g . The dot is in the Coulomb blockade regime, R h/e 2 , with a charging energy E c = e 2 /2(C L +C g ). The electronic reservoir is kept at thermodynamic equilibrium, at a constant temperature T L , and characterized by a Fermi distribution
for the electrons, with energy E counted from the Fermi energy. On the dot, the electron-electron interaction time τ e−e is much shorter than the electron-phonon interaction time τ e−ph . On time scales longer than τ e−e , the electron distribution is thermalized, characterized by a Fermi distribution f (E, T e ). The electron temperature T e = T e (t) generally depends on time and is typically different from the constant lattice temperature T L (same as the reservoir temperature). The total dotreservoir system is thus in a non-equilibrium state, with the dot electrons in quasiequilibrium.
Electrons tunnel sequentially in to and out of the dot with rates Γ
in and Γ (0) out respectively (co-tunnelling is not considered). We consider the situation with k B T L , k B T e E c , and a gate voltage V g tuned so that only zero or one excess electron on the dot is energetically allowed. The time scale τ E for energy exchange between the dot and the reservoir is given by the typical time for an in-tunnelling and a subsequent out-tunnelling (or vice versa), i.e.
For τ E τ e−ph the electron-phonon scattering is much faster than the process of energy transfer via tunnelling and the dot electron temperature is constant and equal to the lattice temperature, T e = T L . The dot-reservoir system is thus in thermal equilibrium. Below, this regime is only considered in order to provide a qualitative understanding of the dot-reservoir energy transfer statistics. The regime of main interest is instead the opposite one, described by Eq. (1), where the dynamics of T e (t) is driven by electron tunnelling. We note that the tunnel rates Γ out depend on the difference in charging energy for zero and one electrons, further discussed below.
To provide a physically intuitive picture of the mechanism of the temperature fluctuations we consider the following scenario: starting with the dot-reservoir in thermal equilibrium, T e = T L , an in-and-out tunnelling event take place. The energies of the in (out) tunnelling electrons, added to (subtracted from) the total dot electron energy, are random quantities with probability distributions determined by the dot and reservoir Fermi functions, accounting for the difference in charging energy between zero and one excess electron on the dot. As a consequence, after the tunnelling events the total dot electron energy has typically changed, with the same probability for an increase as for a decrease (as T e = T L ). Since the dot electron temperature is directly related to the total energy, via the heat capacity C e , and the electron gas is thermalized on the short time scale τ e−e , the dot temperature T e changes accordingly. Then, with the next in-andout tunnelling event, T e changes further and over time the dot electron temperature develops fluctuations, as shown in Fig. 1 . Importantly, for T e > T L the probability for a net energy transfer out of the dot during an in-and-out tunnelling event is larger than the probability for a net in transfer, and vice versa for T e < T L . Hence, there is a negative feedback mechanism inherent in the model, characterized by the time scale τ C , providing relaxation of T e towards T L and hence preventing large deviations of T e away from T L .
Energy transfer statistics
We consider the dot-reservoir energy transfer statistics a time scale τ long enough for a large number of tunnel events to occur, τ τ E , but short enough for the temperature to be taken constant, τ τ C . The energy transfer statistics of the dot can be described within the framework of a master equation [35, 36, 37, 38] , generalized to include energy counting fields ξ [32, 34, 38] ,
where P 0 (ξ, t) and P 1 (ξ, t) are the generalized probabilities for zero and one excess electron on the dot, respectively (note that P 0 (0, t) + P 1 (0, t) = 1) and the rate matrix
The counting field dependent rates to tunnel in to or out of the dot are given by the standard single charge tunnelling rates [23] modified to include counting field factors as
with
2 for one and zero excess electrons on the dot and en g = V g C g the gate induced dot charge, with C g the gate-dot capacitance.
We are interested in the full distribution of energy, P τ (ε) transferred into (ε > 0) or out of (ε < 0) the dot during the time τ . The distribution is conveniently expressed in terms of a cumulant generating function (CGF) F (ξ) as
The CGF is given by τ times the eigenvalue of the rate matrix M (ξ) in Eq. (5) which goes to zero for ξ → 0, as
We note that since the temperature in the dot and the lead are typically different, T L = T e (t), we have no simple analytical expression for the tunnel rates in Eq. (6) and hence not for F (ξ).
Lowest order cumulants
The different cumulants of the energy transfer are given by successive differentiation of the cumulant generating function with respect to ξ. The average energy is
Here we have introduced for clarity and later convenience
We point out that in the steady state the probabilities obtained from Eq. (4), for ξ = 0, are
are the energy tunnelling rates, our result is consistent with the definition of average energy current flowing into the dot as
The current j ε is plotted as a function of T e /T L in Fig. 2 for a number of different
showing that the energy current flows from the hotter to the colder part of the total system and being zero at T e = T L , as expected. Moreover, the spectral distribution of the energy flow for different temperatures is shown in Fig. 2 . Figure 2 . Left: Probability distribution p(E) (normalized spectral distribution) for energy of electrons tunnelling between the dot and the reservoir, for T e < T L , T e = T L and T e > T L . Solid (dashed) line denotes the distribution for in (out) tunnelling, with E > 0 for energy added to the dot. Right: Energy current j ε (in arbitrary units) as a function of T e /T L , for α = ∆/(2k B T L ) = 0, 2 and 4.
The magnitude of the fluctuations of the transferred energy, ε
out − 2Γ (1) in Γ
(1) out
Third and higher order cumulants of the transferred energy are found accordingly.
Equal temperature case
To gain a deeper physical understanding of the dot electron temperature fluctuations, it is instructive to first consider the case where the dot electrons equilibrate with the surrounding lattice on a time scale much faster than the average time τ E for an in-andout tunnel event. In this case we have a constant T e = T L , i.e. the reservoir and the dot are in thermal equilibrium during the entire time t 0 of the measurement. It is then also possible to obtain an analytical expression for the tunnel rates in Eq. (6) and hence the CGF in Eq. (8), allowing for a detailed investigation of the energy transport in the system. Making use of the relation
) and the Fourier transform of the Fermi distribution we find for the rates
and
Introducing the dimensionless ratio α = ∆/(2k B T L ) and the dimensionless counting field λ = ξk B T L we can write Eq. (8) as (putting τ = t 0 )
Importantly, the analytical form of the CGF as well as the corresponding distribution of the energy transfer P t 0 (ε) can be understood in the following way: (i) First, for a given measurement there occur a large number N 1 of in-and-out tunnelling events. Since the tunnelling is a quantum process, N will fluctuate from measurement to measurement. The CGF G(χ) for the probability distribution P (N ) of the number of in-and-out events is directly obtained by substituting in Eq. (4) the off-diagonal elements Γ in/out (ξ) → Γ (0) in/out e iχ/2 . Following the same procedure as above this gives
The square root form of the CGF in Eq. (16) is thus a consequence of the fluctuations in number of tunnel events N .
(ii) Second, in every in-and-out tunnelling event, an energy E is first transferred into the dot and then an energy E is transferred out of the dot. The probability distribution of the energies E, E is given from the integrand of the tunnel rates in Eq. (6), as
and, taking into account that out-tunnelling for E > 0 removes energy from the dot, p(E ) = p(−E), as plotted in Fig. 2 . Since the transferred energy in each event is independent on the number of events N , P t 0 (ε) in Eq. (7) can be written as the probability distribution for the energy transferred during N statistically independent in-and-out tunnelling events, averaged with respect to the probability distribution for N . For the CGF F (λ), this implies that we can make use of the cumulant composition rule and write
where the CGF χ(λ) for the energy transfer during a single in-and-out event is given from the moment generating function
the product of the moment generating functions for energy transfer during in and out tunnelling. The function
is given in Eq. (15) . From Eqs. (17) - (20) we see that we obtain the full CGF F (λ) in Eq. (16) .
Having analysed the physical origin of F (λ) in Eq. (16) we make some comment on its analytical structure. First, F (λ) is an even function of λ, following from that sin(λα)/ sinh(πλ) is even in λ. Thus, all odd cumulants of the total energy ε are zero. As a consequence, the energy distribution P t 0 (ε) is even in ε, around zero (since T e = T L ). Second, F (λ) is also an even function of α, hence the sign of the charging energy difference ∆ is not important for the energy transfer statistics. Third, in contrast to the statistics of number of events N with the CGF G(χ) in Eq. (17) , or the well studied charge transfer statistics for a system in the transport state [39, 38] , F (λ) is not periodic in λ. This is a consequence of the fact that the energy transferred in each tunnelling event is not quantized.
Cumulants and probability distribution
Detailed information about the energy transfer is given by analysing the lowest order non-zero cumulants. Since all odd cumulants are zero, the average energy transfer ε = 0, i.e. zero average energy flow, as expected for thermal equilibrium. For the second cumulant we have
Making use of the composition relation in Eq. (19) and the fact that odd cumulants of χ(λ) are zero, we can also write
The energy fluctuations are thus equal to the fluctuations of the energy transferred during a single in-out tunnelling event, multiplied by the average number of events N = t 0 /τ E during the measurement. The number of events N is exponentially suppressed for increasing α = ∆/2k B T L , i.e. in the Coulomb blockade regime. In contrast, the single event energy fluctuations increase with increasing α, a consequence of large ∆ making the energy distribution p(E) in Eq. (18) broader. Higher-order cumulants provide information about the deviation from a Gaussian distribution. While the odd, third cumulant is zero, the fourth cumulant is nonzero and given by
We can also, similar to the second cumulant, write
where, in addition to the results in Eq. (23), we have
Thus, for ε 4 we see that in addition to the fourth cumulant of the single event energy fluctuations multiplied by the average number of events N , there is an additional contribution from the fluctuation in number of events times the square of the single event energy fluctuations. Note that total ε 4 , plotted in Fig. 3 , has the same sign, independent of α. Turning to the full distribution P t 0 (ε), Eq. (7), for small energies ε we can (due to N 1) perturbatively evaluate the full distribution in the saddle point approximation.
To exponential accuracy we have
which gives, to fourth order in energy
The logarithm of the distribution for two different α is plotted in Fig. 3 . We note that for α ∼ 1 and below, the fourth order term ∝ ε 4 in Eq. (28) is negligibly small, i.e. the distribution is effectively Gaussian.
To summarize the section, we find that for equal temperatures in the dot and the lead, T e (t) = T L , the energy transferred fluctuates from measurement to measurement, with only the average over many measurements being zero. The fluctuations are a consequence of both the fluctuations in energy transferred during a single in-and-out tunnelling event and the fluctuations in the number of events during the measurement.
Temperature fluctuations
As a result of the total energy fluctuations, it is clear that in the quasi-equilibrium regime described by Eq. (1) the electron temperature T e (t) will develop fluctuations in time. The mechanism underlying the fluctuations was discussed above, with a typical time trace of the fluctuating temperature shown in Fig. 1 . Our aim is to derive a complete description of the statistics of the temperature fluctuations. Formally, considering a measurement time t 0 , the full distribution of the time-dependent temperature in the interval [0, t 0 ] can be written [40] as a functional Fourier transform
where the measure Dζ(t) denotes integration over all possible time-dependent counting fields ζ(t) and S[ζ(t)] is the generating functional. Performing n functional derivatives of S[ζ(t)] with respect to ζ(t) we get the n-point (irreducible) temperature correlation function in the time domain, as
Importantly, for a typical time τ E satisfying Eq. (1), in the range 1 ns to 1 µs, resolving individual tunnelling events in time with existing experimental techniques is extremely challenging. Thus, the short time temperature correlators in Eq. (30) are difficult to investigate experimentally. Instead, the experimentally accessible quantities are the low-frequency correlators, in particular the magnitude of the fluctuations, or the temperature noise, given by
We note that the temperature noise can be written as (∆T e ) 2 = θ 2 /t 0 where have introduced the time-integrated temperature
This motivates us to focus our discussion and present analytical results for the fluctuations of θ. The full distribution of θ, P (θ), can be written, similarly to Eq. (7), in terms of a CGF S(ζ) as (ζ is constant in time)
From S(ζ) the different cumulants are obtained by successive differentiation, in particular the average temperature T e = θ /t 0 = (1/t 0 )dS(ζ)/d(iζ)| ζ=0 and the
To provide a physically compelling picture of the temperature fluctuations, below we first discuss the average and the time-dependent second-order correlation function within a Boltzmann-Langevin approach [29, 30] . Then the generating functional S[ζ(t)], and hence the full distribution P [T e (t)], Eq. (29), is derived within the framework of the stochastic path integral formalism [31, 41] . We note that the stochastic path integral approach can be understood as a formal extension of the Boltzmann-Langevin approach to higher order correlators [41] . Moreover, it is equivalent to a fully quantum mechanical approach [34] taken in the semiclassical limit.
Boltzmann-Langevin approach
As a starting point, we state the relation between the time-dependent temperature T e (t) and the total energy of the dot E(t), given by
where ν F the dot density of states at Fermi energy and we introduced C e (T e ) = ν F π 2 k 2 B T e /3, the heat capacity of the free electron gas at temperature T e . We also note that the rate of change of the dot energy is, by definition, equal to the energy current flowing into the dot
At steady state, dE(t)/dt = 0, we have j ε (t) = j ε = 0. The expression for the steady state energy current j ε = ε /t 0 was derived below Eq. (10). The condition of no energy current, j ε = 0, is fulfilled for equal dot and reservoir temperatures, T e = T L . Turning to the fluctuations, following the Langevin scheme, we write the energy current and the dot temperature as sums of a constant, time averaged part and a fluctuating part, as j ε (t) = j ε + ∆j ε (t) = ∆j ε (t), T e (t) = T e + ∆T e (t) = T L + ∆T e (t) (36) The energy current fluctuations ∆j ε (t) can be written as
where δj ε (t) are the "bare" fluctuations caused by the stochastic nature of the electron tunnelling at the dot-reservoir contact and ∆T e (t)κ is induced by the fluctuating dot temperature. Here we introduced κ ≡ κ(T L ), with κ(T e ) = −dj ε /dT e , by definition the thermal conductance of the dot-reservoir contact at the reservoir temperature T L . As a next step we combine the expressions for dE(t)/dt from Eqs. (34) and (35) and then insert the expressions for j ε (t) and T e (t), from Eq. (36), giving to leading order in the fluctuating quantities
where we write for short C e ≡ C e (T L ), the heat capacity of the dot at the reservoir temperature T L . Fourier transforming Eq. (38) and solving for ∆T e (ω) we have
Importantly, at equilibrium the fluctuation-dissipation relation applied to heat transport [33, 30] states that, in the semiclassical limit k B T L ω,
assuming a white noise spectrum of the energy current fluctuations. We can then write the temperature correlator in frequency space
In the time domain this becomes
which is just Eq. (2). As pointed out above, this result is in the canonical form for fluctuations of a physical quantity, in quasi-equilibrium, around thermodynamical equilibrium [1] .
Stochastic path integral formulation
For an extension of the Boltzmann-Langevin approach to the full statistical distribution of temperature fluctuations, we turn to a stochastic path integral formalism. For consistency and completeness of our presentation, we give the derivation of the CGF in some detail. As a starting point we consider a time scale τ much longer than the tunnelling energy relaxation time τ E but short enough for the temperature to change only marginally, τ τ C . First, starting at time t = 0 with an energy E 0 in the dot, the probability that the energy in the dot at time τ is E 1 , i.e. that an energy E 10 = E 1 − E 0 has been transferred, is given by Eq. (7) P (E 10 ) = 1 2π
where ξ 0 is the energy counting field. Extending the reasoning to N time bins, we can write the conditional probability that the energy E 10 is transferred through the first time bin, E 21 during the second etc., as
The probability that at the end of the N time bins, the total energy E N − E 0 has been transferred is obtained by integrating over all intermediate energies E n with n = 1, ..., N − 1, as
The joint probability to have the electron temperatures T n = T e (nτ ) at each respective time nτ , n = 0, ..., N − 1, can now be written as the conditional probability
where the δ-functions impose the relation between dot energy and temperature, Eq. (34), at each time and we introduced T (E) defined from the relation E = C e (T )T /2. Note that the probability distribution P (E 0 ) for the initial energy E 0 will not be of importance in the long-time limit we are interested in. Writing the δ-functions as Fourier transforms over the variables ζ 0 , ..., ζ N −1 we obtain
with the CGF S N (ζ 0 , ..., ζ N −1 ) given by
Using the fact that the total energy/temperature only changes a small amount in every time bin we can now take the continuum limit of Eq. (47), giving the expression in Eq. (29) for the full probability distribution P [T e (t)], with the generating functional S[ζ(t)] expressed in terms of a stochastic path integral as
where
and DE(t), Dξ(t) denote integration over all paths in energy and counting field space, respectively.
Saddle point solution and generating functional expansion
In the long measurement time limit considered, with a large number of tunneling events, we can solve the path integral in the saddle point approximation, giving
where ξ * (t) and E * (t) are the solutions of the saddle point equations δH[ξ, E]/δξ = 0 and δH[ξ, E]/δE = 0. The saddle point equations are conveniently written in terms of ξ * and T * = T (E * ) as
where we note that C e (T * ) = ν F π 2 k 2 B T * (t)/3. It is not possible to solve these saddle point equations analytically in the general case and hence, we do not have a simple expression for the generating functional S[ζ(t)]. However, in order to find the temperature correlation functions in Eq. (30) we can expand the generating functional order by order in ζ(t). This is done by solving the saddle point equations for ξ * (t) and T * (t) order by order in ζ(t), inserting the solutions into S[ζ(t)] and then performing a functional expansion of S[ζ(t)] with respect to ζ(t). Here we do not provide any details of this calculation, note however that we expand
.. and similarly for T * (t), formally a functional expansion with time-dependent coefficients ξ n (t), T n (t). For the first two correlation functions we find
where the correlation time τ C = −C e (T L )/F ξT and we have introduced
Here, for F ξξ we used the result in Eq. (21) and F ξT was evaluated directly from Eq. (8), performing the integrals over the relevant generalized tunnel rates Γ in/out (ξ) differentiated with respect to ξ and T . Importantly, using the definition 
We note that at α = 0, lifted Coulomb blockade, the thermal conductance is given by
the Lorenz number. This can be understood a Wiedemann-Franz relation [42, 43] between the heat conductance κ and the effective series conductance 1/(2R) for the in-and-out tunnelling events (recall that no net charge transport takes place).
Higher-order correlation functions can be obtained using the same procedure, however the expressions become long and difficult to analyse in a transparent way. We therefore instead focus on the low-frequency regime where simpler and also experimentally more relevant results can be obtained.
Low-frequency statistics
In the long-time, low-frequency limit, we can disregard the time-dependence of the energy E(t) and the counting fields ξ(t) and ζ(t) in Eq. (49). Consequently, the functionals and path integrals turn into ordinary functions and integrals respectively and the probability distribution P [T e (t)] can now be written as a distribution of the time-integrated temperature θ = 
Evaluating the double integral in the saddle point approximation and, similar to the discussion above, expanding the resulting CGF order by order in ζ, we arrive at two the lowest order cumulants,
as expected from integrating the time-dependent correlation functions in Eqs. (54) and (55) over time. Writing out the total result explicitly, using Eqs. (21) and (56), we have the low-frequency temperature fluctuations
We note that this function is monotonically increasing for increasing α, i.e. stronger Coulomb blockade results in larger temperature fluctuations. However, since a large α 1 also leads to an exponentially large time τ E between tunnelling events, the requirement τ E τ e−ph in Eq.
(1) puts a physical upper boundary on the magnitude of the temperature fluctuations.
For the third cumulant θ 3 , the skewness of the probability distribution, we can proceed in a similar way as for the second one. The resulting cumulant can be written
where F ξξ , F ξT are given in Eq. (56) and
,
Inserting the expressions for F ξξ , F ξT , F ξξT and F ξT T into Eq. (61) we arrive at
The third cumulant is plotted as a function of α in Fig. 4 . At α = 0, i.e. lifted Coulomb blockade, θ
, non-zero and positive. Increasing α the cumulant changes sign and increases rapidly in magnitude for increasing α, i.e. for strong Coulomb blockade. Figure 4 . Left: Second, θ(α) 2 / θ(0) 2 , and third, θ(α) 3 / θ(0) 3 , cumulant as a function of α = ∆/2k B T L , normalized with the value at α = 0. Right: Logarithm of probability distribution P t0 (θ) (solid line) and Gaussian approximation (dashed line) for α = 0 (arb. units). The probability distribution P t0 (θ) shows clear non-Gaussian features with a non-zero, positive skewness.
To obtain a qualitative picture of the third cumulant we note that Eq. (61) can be written θ 
= (d (∆ε)
2 /dT e )∆T e . These secondary, or cascaded [44, 45] , fluctuations, are correlated with the temperature fluctuations and responsible for the third cumulant.
Instead of considering higher order cumulants individually we plot in Fig. 4 , as an illustrative example, the full probability distribution P t 0 (θ) in the limit α = 0. The probability distribution is evaluated numerically, to exponential accuracy in the saddle point approximation. From the plot the non-Gaussian nature of the fluctuations is clearly seen: while the distribution eventually goes to zero for θ = 0 (i.e. minus infinity for the logarithm of P t 0 (θ)), it has a long tail for large θ which becomes increasingly fat for increasing α (not shown), consistent with the large second and large, negative third cumulant for large α.
Summary and experimental realization
To summarize, we have presented a theoretical analysis of the energy and temperature fluctuations of a single electron box, a metallic dot in the Coulomb blockade regime tunnel coupled to an electronic reservoir. The focus has been on the quasi-equilibrium regime, where the dynamics of the dot electron distribution, and hence the temperature, is driven by single electron tunnelling. We have investigated the different mechanism for the fluctuations of the energy transfer and discussed their effect on the temperature fluctuations.
As a key result, we have presented a prediction for the magnitude of the lowfrequency temperature fluctuations, in Eq. (60). To provide an estimate of the magnitude of the fluctuations we consider the case with lifted Coulomb blockade, α = 0, a temperature T L = 100 mK and take a typical resistance R = 100 kΩ. Inserted into the expression for the fluctuations we have θ 2 ∼ 10 8 K 2 s, or equivalently, θ 2 ∼ 100 µK/ √ Hz. This is of the same order as the measurement sensitivity reported in the most recent experiment [20, 21] , suggesting that the predicted temperature fluctuations could be observed with existing techniques.
We also mention that very recent, unpublished, data [46] show a sensitivity down towards ∼ 10 µK/ √ Hz. Interestingly, in Ref. [20] it is claimed that a resolution of this magnitude would enable single shot detection of single microwave photons (at 20 GHz). Consequently, for the single electron box at large Coulomb blockade, ∆/k B ∼ 1 K, where the in-and-out tunnelling process is slow, typically τ E τ e−ph , individual electron tunnelling events at large energies ∼ ∆ could be detected, in single shot, by monitoring the dot electron temperature in real time. We conclude by noting that the measurement of the dot electron temperature (not discussed in our work) could be carried out in the same way as in existing experiments (see e.g. [15] ), by non-invasively tunnel couple the dot to a superconducting lead.
